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POINTWISE EQUIDISTRIBUTION WITH AN ERROR 
RATE AND WITH RESPECT TO UNBOUNDED 

FUNCTIONS 

DMITRY KLEINBOCK, RONGGANG SHI, AND BARAK WEISS 

Abstract. Gonsider G = SL£;(R) and T = SLd(Z). It was re¬ 
cently shown by the second-named author [21] that for some di¬ 
agonal subgroups {gt\ C G and unipotent subgroups U C G, gt- 
trajectories of almost all points on all f/-orbits on G/T are equidis- 
tributed with respect to continuous compactly supported functions 
ip on G/T. In this paper we strengthen this result in two direc¬ 
tions: by exhibiting an error rate of equidistribution when ip is 
smooth and compactly supported, and by proving equidistribution 
with respect to certain unbounded functions, namely Siegel trans¬ 
forms of Riemann integrable functions on For the first part 
we use a method based on effective double equidistribution of gt- 
translates of t/-orbits, which generalizes the main result of na. 

The second part is based on Schmidt’s results on counting of lat¬ 
tice points. Number-theoretic consequences involving spiraling of 
lattice approximations, extending recent work of Athreya, Ghosh 
and Tseng [T], are derived using the equidistribution result. 


1. Introduction 

Fix an integer d > 2, let G = SLd(M) and F = SLd(Z), and denote by 
X the homogeneous space G/F, which can be identihed with the space 
of unimodular lattices in The group G acts on X by left translations 
preserving the probability measure /i induced by Haar measure. This 
action has been intensively studied due to its intrinsic interest as a 
dynamical system and for its number-theoretic applications. See m 
Chapter 5] for a survey of this topic. 

Let D = {gt} be a one-parameter subgroup of G, and let be a 
real-valued function on X. We say that A G A is (D"*", (p)-generic if 

ip{gtA)dt= / if dp, 

Jx 
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and, for a collection S of functions, that A is ,S)-generic if it 

is (D'*', <yc)-generic for every ip E S. Let Cc{X) denote the space of 
continuous compactly supported functions on X. It is a well-known 
consequence of Moore’s ergodicity theorem and Birkhoff’s ergodic the¬ 
orem that for any unbounded subgroup D of G, /x-almost every A E X 
is (D’*', C'c(X))-generic. Also, using effective mixing estimates for the 
D-action on X one can conclude that whenever p belongs to the space 
C^{X) of smooth compactly supported functions on X, the conver¬ 
gence in fll.ip takes place with a certain rate for /r-a.e. A E X. More 
precisely, see m Theorem 16] or [HI Theorem 4(vii)], for any e > 0 
and yii-a.e. A E X one has 

(1.2) p{gtA)dt = J^pdp + o{T-^/^\og^^^T). 

(The notation /(T) = o(^g{T)^ means lim'r^oo — 0-) 

Now let U~^ be the unstable horospherical subgroup of G relative to 
D^, defined by 

(1.3) := {g E G : g-tggt e ast ^ oo}. 

Assume in addition that D is diagonalizable. Then, using a local de¬ 
composition of G as the product of its unstable, neutral and stable 
horospherical subgroups with respect to D~^, see e.g. [Ill §1-3]) if is 
easy to conclude that for any A E X the element gA is C'c(X))- 
generic for Haar-a.e. g E U~^. 

Recently in [21], as a corollary of a more general result, the second- 
named author obtained a similar conclusion for some proper subgroups 
of U~^ - namely, for the class of so-called -expanding subgroups, in¬ 
troduced in jH] (see also [SU] for some related ideas). More precisely, 
the following is a special case of [211 Theorem 1.2]: if H is a diagonaliz¬ 
able one-parameter subgroup of G and t/ is a connected Zl+-expanding 
abelian subgroup of f/"*", then 

(1.4) VA e X, gAis (H’*', C'c(X))-generic for Haar-a.e. g E U. 

In the present paper we consider a specific family of pairs {D,U), 
where D (Z G is one-parameter and U G G is ^“'"-expanding, which are 
important for number-theoretic applications. Namely, take m, n G N 
with m n = d, denote by M the space of m x n real matrices, and 
consider 

(1.5) U := u{M) where n : M —)■ G is given by u{'d) := 


f Im \ 
VO In J 
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(here and hereafter stands for the identity matrix of order k). Also 
fix two ‘weight vectors’ 

a = (oi,... ,am) and b = (6i, ..., 6„) e M>o 

m n 

such that tti = bi = 1. 

2=1 2 = 1 

We will refer to the case 

a = m= (1/m, ...,1/''^)) b = n= (1/n, ...,1/n) 
as the case of equal weights. Then take 
(1.6) D = {gt}, where 5 ft = diag(e“i*,... ... 

It is easy to see that for any choice of weight vectors a, b, the group U 
as in fll.Sp is contained in the unstable horospherical subgroup relative 
to D~^ (and coincides with it in the case of equal weights). It was shown 
in [12] that U is Zl’''-expanding for any D as in fll.bp . which, in view of 
[2T] , implies fll.4p . For the rest of the paper we will fix arbitrary weight 
vectors a, b and choose D as in fll.6p . 

Our hrst main result gives an analogue of fll.2p for almost all points 
on fZ-orbits: 


Theorem 1.1. Let A E X, ip E C^{X) and e > 0 be given. Then for 
almost every -d E M 

(1.7) ^ p{gtu{id)A)dt = J (/?dp + o(T“^/2log5+^T). 

Here and hereafter ‘almost every ■d’ means almost every with respect 
to Lebesgue measure on M = M™”; this corresponds to taking a Haar 
measure on U. 

Our proof of Theorem 11.11 is completely independent of [2T] , and, 
in view of the density of Cf°{X) in Cc{X), provides an alternative 
demonstration fll.ip for the case fll.5l) - fll.6p . It is based on the following 
‘effective double equidistribution’ of ^rtranslates of U, generalizing the 
‘effective equidistribution’ result of [13]: 


Theorem 1.2. There exists 5 > 0 such that the following holds. Given 
f E Cf°{M) and E Cf°(X) and a compact subset L of X, there 
exists C > 0 such that for any A, A E L and t,w > 0 one has 


(1.8) 


- / fd'd IfdlA Ipd/A 


' M 


' X 


pj^—S rain{t,w,\w—t\) 
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where 

(1.9) := [ f{'d)ip{gtu{-d)A)'ilj{g^u{-d)A)d-d. 

J M 

Under the same assumptions one can also prove ‘effective fc-fold 
equidistribution’ of ^fj-translates of U for all k eN. We hope to return 
to this topic elsewhere. See also [5] and [16] for related results on ‘effec¬ 
tive /c-mixing’. To derive pointwise equidistribution of g'rtrajectories of 
points on [/-orbits with an error rate from effective double equidistri¬ 
bution of ^ff-traHslates of U we use a method borrowed from Schmidt’s 
work [IB] and originally due to Cassels [B]. It is also similar to the 
argument used in [9] to derive the rate of convergence in Birkhoff’s 
Theorem from the rate of decay of correlations. As a byproduct of the 
method, we show in 1|3] (Remark 13.61) how the estimate fll.2p for /i-a.e. 
A can be derived from the exponential mixing of the //-action on X. 

The second main theme of the present paper is establishing (//’*', (p)- 
genericity with respect to some unbounded functions p. It follows from 
Birkhoff’s Theorem that for any p G L^{X,p,), /i-almost every A G X 
is {D~^, <yc)-generic; however a passage from /i-a.e. A G X to Haar- 
almost all points on //’’'-orbits requires some regularity of p, such as 
continuity and Lipschitz property away from a compact subset. When 
is replaced by its proper subgroup, the situation becomes more 
complicated. In particular, our method of proof of Theorem 11.11 as 
well as the argument in [21], do not work for unbounded functions. 
Yet we are able to prove a partial result for the setup fll.5p - fll.6l) and 
explore its number-theoretic consequences. 

In order to control the rate of growth at infinity of unbounded func¬ 
tions on X, following [8], let us introduce a function measuring ‘pene¬ 
tration into the thin part of X’. For a lattice A G X, given a subgroup 
A' C A, let /(A') denote the covolume of A' in spanjj(A') (measured 
with respect to the standard Euclidean structure on M'^). We denote 

a(A) = max {/(A')”^ : A' a subgroup of A} . 

It is well-known that this maximum is attained, and dehnes a proper 
map X —)■ [1, oo). 

Now let us denote by Ca{X) the space of functions p on X satisfying 
the following two properties: 

(Uq-I) p is continuous except on a set of /i-measure zero; 

{Ca-A) the growth of p is majorized by a, namely there exists C* > 0 
such that for all A G X, we have 

|(p(A)|<U«(A) 
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(in particular, (p is bounded on compact sets). 

One can show that the space Ca{X) contains certain unbounded 
functions which often arise in number-theoretic applications. Recall 
that / : —)■ M is said to be Riemann integrable if / is bounded with 
bounded support and continuous except on a set of Lebesgue measure 
zero. For such /, we dehne a function / on X by 

(1.10) /(A):= ^ /(v), 

vGA\{0} 

The Siegel integral formula, established in [22], asserts that for any / as 
above, /^ / d/i = /• We show in Lemma EH] that for any Riemann 

integrable /, the function / satishes conditions (Ca-1) and (Ca-2). In 
fact, up to constants, when / is non-negative and nonzero on a set of 
positive measure, the order of growth of / is precisely the same as that 
of a. As a consequence, in view of the Siegel integral formula, Ca(X) 
is contained in L^(X, p). 

For our second main result, we denote by Aq the standard lattice 
C M'^. 

Theorem 1.3. Let U and D be as in fll.5p - fll.6p . Then for almost 
every {t e M, u{'d)Ao is [D'^,Ca{X))-generic. 

Since {D~^, Cc(X))-genericity has already been proved, the main ad¬ 
ditional point in the proof of Theorem 1 1.31 is to obtain upper bounds for 
Birkhoff averages of restrictions of non-negative G Ca{X) to comple¬ 
ments of large compact subsets of X. To this end we employ a lattice 
point counting result of Schmidt [T8| . Lattice point counting was used 
for a similar purpose in ini. and the connection between Schmidt’s re¬ 
sult and the action of was already noted in [3] in the equal weights 
case. Note that in our result we assume that the lattices are of the 
form M('d)Ao; we expect a similar result to be true if Aq is replaced by 
any other lattice in X. However our proof does not yield this more 
general statement. 

Let us now explain the number-theoretic implications of Theorem 
oi In Diophantine approximation one interprets "d G M as a system 
of m linear forms in n variables and studies how close to integers are 
the values ■dq of those forms at integer vectors q. During recent years 
there have been many developments in Diophantine approximation with 
weights, which allows to treat individual components of q and dq dif¬ 
ferently. This is done by choosing weight vectors a, b and considering 
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‘weighted quasi-norms’ introduced in [TT]: 


It is a consequence of the general version of the Khintchine-Groshev 
Theorem proved by Schmidt [18] that for a.e. i? G M and any c > 0 
there are inhnitely many solutions (p, q) G Z™' x Z"" to the inequality 

(1-11) ll^q-Plla < 

llq||b 

More precisely, the number of integer solutions of (II. lip with q satis¬ 
fying 

(1.12) 1 < ||q||b < 

has the same asymptotic growth as 2^cT (here and hereafter we say that 
/(T) and g{T) have the same asymptotic growth, denoted f(T) 9{T), 
if lim f(T)/g{T) = 1). We remark that the set of nonzero integer so- 

T->-oo _ _ 

lutions of fll.lip - fll.12p is in one-to-one correspondence with the inter¬ 
section of the lattice 



= max 

l<z<m 


Xi 


resp. ||y||b 


= max \yj\' 

j<i<n 


u{'d)Ao = 


■dq — p\ 


q 


: p G Z"*, q G Z" 


with the set 


Et.c := <{ (x,y) G X : ||x||a < 1 < ||y||b < e [> , 


and an elementary computation shows that the volume of this set is 
equal to 2'^cT. 

A hner question concerning directions of vectors dq — p and q was 
addressed in a recent paper [T] by Athreya, Ghosh and Tseng. In the 
equal weights case they considered integer solutions of fll.lip - fll.12p in 
addition satisfying 


(1.13) 7r('dq — p) G A and 7r(q) G B, 


where tt stands for the radial projection from and M” to the unit 
spheres and respectively, and A C B C are two 

measurable subsets. When the boundaries of A and B are of measure 
zero, they showed that for almost every d G M the number of solutions 
of fll.lip - fll.13p (with a = m and b = n) has the same asymptotic 
growth as the volume of the set 


(x,y) e 


X 



7r(x) G A, 


l<||yr<e^l 

7r(y) e 5 j 
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(here || • || stands for the supremum norm; note that [T] deals only with 
the case m = 1 and uses Euclidean norm instead of the supremum 
norm, but the argument can be applied to an arbitrary m and arbitrary 
norm). 

In the case of arbitrary weight vectors it no longer makes sense to 
project radially, since these projections accumulate near directions cor¬ 
responding to smallest (resp., largest) weights. We remedy this as fol¬ 
lows. Let Fat be the a-weighted flow on M™' defined by 

Fat(x) := 

(note that in the case of equal weights, these are just homotheties 
of M™). Similarly we define the transformation F\jt of M”. Then for 
nonzero x G and y G M” let 

(1.14) 

ir,(x) := {Fai(x) : i £ K} n S” irb(y) := (Uily) : i £ *} n S" ‘ 
(these intersection point are clearly unique), replace fll.lSp with 


(1.15) 7ra('dq — p) G A and 7rb(q) G B, 

and define 

{ ||x||a < 1 < l|y||b " 

(x,y)GM™xM": l|y||b 

7ra(x) G A, 7rb(y) G B 


Using Theorem 11.31 we obtain: 



Theorem 1.4. Let c > 0 and measurable subsets A C 8™“^, B C 
with boundaries of measure zero be given. Then for a.e. 'd G M, as 
T ^ oo, the number of integer solutions to fll.lll) . fll.l2p and fll.lbp 
has the same asymptotic growth as the volume of Et^c{A,B). 


Note that the above counting result does not follow from the tech¬ 
niques of [IHl[l9]. See also [2] for some related results. The reduction 
of Theorem 11.41 to Theorem 11.31 is based on the observation that the 
number of integer solutions to fll.lip . fll.l2p and fll.l5p is equal to 
jj(M('d)Ao n ET,c{A,B)'j, that is, to /, where / is a certain Riemann 
integrable function on 

The structure of the paper is as follows: in 1|2] we prove Theorem 
m and use it in 1|3] to prove Theorem 11.11 1|1] contains a discussion 
of Schmidt’s asymptotic formula (Theorem 14.11) and some auxiliary 
results, which are needed in the final section of the paper, where The¬ 
orems 11.31 and 11.41 are proved. 
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2. Effective double equidistribution 


In this section we prove Theorem 11.21 We first recall several facts 
from the paper [13]. Its main result, i.e. effective equidistribution of 
(yfftranslates of U, can be stated as follows: 


Proposition 2.1 ([13], Theorem 1.3). There exists (5i > 0 such that 
for any f G ip G Cf°{X), and for any compact L (Z X there 

exists Cl = Ci{f, (p, L) such that for any A G T and t > 0, 


( 2 . 1 ) 



fWvigt'^W^) dll 



ip d/i 


< Cie-^^\ 


Let 


and let 

( 2 . 2 ) 


b = min 


Oj bj 

—, — :l<*<m, 1 < ] < n 
n m ~ ~ --J - 


9t 


e"“l™ 0 \ 

0 e-™“l„ ) ’ 


9t = 9t9'-f 


Note that g[ (after reparametrization) corresponds to the case of equal 
weights; in particular, U is the unstable horospherical subgroup relative 
to {g[ : f > 0}. On the other hand g'f is of the form 



where a[ and fe' are nonegative. 

Let Bf! be the ball of radius r centered at the identity element of G 
with respect to the metric induced by some right invariant Riemannian 
metric. For A G X we let tta : G — )■ X be the map g i—)■ gK, and define 

Inj^ := |A G X : ttaIbg is injective} . 

Also let Br denote the ball of radius r centered at zero with respect 
to the Euclidean norm on M = The following quantitative non¬ 

divergence result is a combination of [TS] Corollary 3.4] and [TS] Propo¬ 
sition 3.5]: 


Proposition 2.2. Let L G X be compact and let r > 0. There exists 
to = to{L,r) > 0 and G 3 > 0 such that for every 0 < e < 1, A G L, 
s > 0 and t >to one has 

|{i9 G Br : g:gtuit})A ^ Inj J| < |R.|. 
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Here and hereafter for a measurable subset S' of a Euclidean space 
we use [S'! to denote the Lebesgue measure of S. For h G C^{M) and 
a nonnegative integer k we dehne the k-i\i Sobolev norm of h to be 

where |/9| is the order of the multi-index (3. 

We will also need the following effective equidistribution estimate for 
the 5 f^-action: 


Proposition 2.3 ([I3], Theorem 2.3). There exist 62 , tq > 0 and k eN 
with the following property: for any ^|J G C^{X) there exists C 2 > 0 
such that for any 0 < r < rg, any h G Cf°{M) with supp(h) C any 
A G Inj2r and any t > 0 one has 



h{'d)ip[g[u{'d)PC) d?? 





Note that the statement is not precisely the one which appears in 
[T3] but can be deduced from it by taking k large enough. 


Proof of Theorem li.M Recall that we are given a compact subset L of 
X, E Cf°{X) and / G Cf°{M). In this proof, the notation y x 
will mean that y < Cx where C* is a constant independent of x, but 
which could depend on /, (p, or L. 

Let 5o = min(5i,(52) where and 62 are given in Propositions 12.11 
and 12.31 respectively. We also hx fc G M so that Proposition 12.31 holds. 
Without loss of generality we assume that k > mn. Now let 


a := min{aj + bj : 1 < i < m,l < j < n} 


and 


(2,3) 


6 := min 


( <^0 

V2(1 + 3A:)’ 2 ; ■ 


Let A, A, t and w be as in the statement of Theorem 11.21 Put 


r := e and s 


t + w 
2 


We can assume with no loss of generality that w > t > to, where to 
is as in Proposition 12.21 and moreover that r < tq, where ro is as in 
Proposition [231 According to [131 Lemma 2.2] there exists h G C^{M) 
such that supp(/i) C Br, h > 0, fj^h('i9)d'i9 = 1 and ||/i||fc 
Given ( E M, we dehne Ci) C 2 £ Af by the formulae 


m(Ci) := 9t-s9-su{C,)gsg's-t, 


“(( 2 ) := 9t-s9t-su{09s-t9's-t^ 
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which imply 

(2.4) gtu{Ci) = u{C,2)9t and g^u{C,i) = g's-MOgsg's-t- 

Let be as in fll.9p . Then, using Fubini’s theorem and, 

for each making a change of variables i? e-)■ i? + Ci, we find in view of 
fl2.4ll that 

(2.5) 

!») = [ f(-S)ip{gtu(-S)A)ip{g^u(-S)A)M f h{()d(; 

J M J M 

/(i9 + Cl)^{u{C2)gtu{'^)A)^l){g[_^u{C)g'Ltgsu{'^)^)h{C) di9dC- 



M J M 


Note that for all C, G supp(/i) we have 

w—t (I 2 . 3 II J./ .A 

IlCill < e-^1ICII < e-—“ < 


and similarly IIC 2 II ^ e Denote 

:= [ i;{g:_M0g:-t9snm)h{0dC. 


' M 


Then, by approximating the function /(i? + C,i)g:>(u{C, 2 )gtu{'d)^) by 
f{'d)ip{gtu{'d)A) in ((23)) we get 


( 2 . 6 ) 


< e 


—5{w—t) 


- / T(i9)/(i9)(p(^tM(i9)A) di9 
J M 

Let ri > 0 be such that supp / C , let e = ^ and denote 

E := {i9 e Br, : g''_tgsu{'&)A e Inj J. 

It follows from Proposition 12.21 that 

and hence 


(2,7) 


'dl{'&)f{'&)ip(^gtu{'&)A) di? 


< e 


— 5{'W — t) 


By Proposition 12.31 for -d E E (with g'g_^gsu{'d)K in place of A) one has 


T(i9) 




' X 


< r + + g-Fo/ 2 - 3 fc 5 )(«;-p^ 
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which, in view of (I2.3p and (12.7p . implies 


(2.8) 


' M 


^{'d)f{{})ip[gtu{{})A)d'd— / f{{})ip[gtu{'d)A) di) / -0 

J M J X 


< e 


-S{w-t) g- ^ ^-5{w-t)^ 


On the other hand from Proposition 12.11 one gets 


(2.9) 


f{'d)^p{gtu{'d)A) di^ - I f I Lp e 


'M jm jx 

Combining fl2.6p . fl2.8p and fl2.9p . one arrives at fll.Sp . 


□ 


3. POINTWISE EQUIDISTRIBUTION WITH AN ERROR RATE 

In this section we prove Theorem ll.il The method works in a general 
framework as follows: 


Theorem 3.1. Let (Y, v) he a probability space, and let F : Y xM_|_ —)■ M 
be a bounded measurable function. Suppose there exist <5 > 0 and C > d 
such that for any w >t > 0, 


(3.1) 


F{x, t)F{x, w) dn^x) 


'Y 




Then given e > 0 we have 

(3.2) i £ F{y, t) dt = logi+^ T) 

for u-almost every y . 


We begin with some lemmas. In the statements below the notation 
and assumptions are as in Theorem 13.11 

Lemma 3.2. Let [b,c\ be a closed interval in [0, cx)). Then 


'Y 


F{x,t)dt\ dz/(x) < 4C(5 ^{c — b). 
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'Y \Jb 
fC pc 



'b Jb UY 

fC pc 


<2 


Proof. The left hand side can be written as 
F{x,t)dt\ du{x) 

F{x,t)F{x,w) dui^x) dwdt 
F{x,t)F{x,w) dh'{x) dwdt 
+ e-^') dm dt 
<20 1 {5-^ + e-^\c - t)) dt 

Jb 

<2C f {6-^ + e-^\c - b)) dt < AC6-\c-b), 

Jb 

and the proof is finished. 


by Fubini 



b J t 


fY 


<2C 


' b LJt 
pc 


by dal]) 


□ 


For a positive integer s we let Ls be the set of intervals of the form 
[2*j, 2*(j + 1)] where i, j are nonnegative integers and 2*(j + 1) < 2®. 

Lemma 3.3. One has 


(3,3) 


E 

[b,c]eLs 


>Y \Jb 


F{x,t)dt] dz/(x) < 4C(5 ^s2®. 


Proof. We estimate the left hand side as 

p / pc \ 2 

E 

[b,c]£Ls 


lY \Jb 


s-1 2'’-*-! 

^E E 


F{x,t)dtj di'{x) 
r-2hi+i) 


F{x, t) dt diy{x) 


>Y \J2ij 


i=0 j=0 

s-1 2'’-*-! 

<E E 4cr‘2', 

2=0 j=0 

which is clearly bounded from above by AC6~^s2^. 


by Lemma [3.21 


□ 


Lemma 3.4. Let k, s be positive integers with k <2^. Then the interval 
[0, k] can be covered by at most s intervals in Lg. 


Proof. These intervals can be easily constructed using binary expansion 
of k. See also [HI Lemma 1]. □ 
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Lemma 3.5. For every e > 0, there exists a sequence of measurable 
subsets ofY such that: 

(i) i^iYs) < 

(ii) For every positive integer k with k < 2^ and every y ^ Yg one 
has 

rk 


(3.4) 

Proof. Let 


F{y,t) dt 




Ys = <y 


eY:J2([Y{y,t)dt) >2 

leLs ' 


s ^2-\-2£ 


Assertion (i) follows from Lemma 13.31 and Markov’s Inequality. By 
Lemma [3.41 there exists a subset L{k) of Lg with cardinality at most s 
such that [0, fc] = lJ/GL(fc) k <2^ and y ^Yg we estimate 

\2 

F{y,t)dt 


\ieL{k) ) 

■-Y1 


F{y,t) dt 


< ( f F{y,t)dt] < 2 

leLs 


s ^3-\-2£ 


by Cauchy’s inequality 
since y ^Yg. 


Now 


follows by taking square roots. 


□ 


Proof of Theorem \3.1[ We £x e > 0 and choose a sequence of measur¬ 
able subsets {W}sgn as in Lemma 1331 Note that 

OO OO 

4(7(5-^s-d+2") < OO. 

s=l s=l 

The Borel-Cantelli lemma implies that there exists a measurable subset 
Y(e) of Y with full measure such that for every y £ Y{e) there exists 
Sy G N such that y ^Yg whenever s > Sy. 

We will show that for every y £Y{e) one has 

-T 


(3.5) 


1 

T 


F{y,t)dt 


< T-^/2log2+"(T) 
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provided T is large enough, where the implicit constant depends only 
on F. Given T > 2, let /c = [TJ and s = 1 + [logTj, so that 2^“^ < 
k <T < k + 1 <2^. Suppose T > then s > Sy and hence y ^ Yg. 

Therefore we have 


F{y,t)dt 


< l|i^l|oo + 


F{y,t) dt 


< ||F||oo + 2^/2^i+^ 

< ||F|U + (2T)'/2iQg|+.^2T). 


by dMl) 


and flS.Sp follows. This clearly implies fl3.2p for y G nfcgNh'(l/fc)- D 


Proof of Theorem M.il Recall that we are given A E X, ip ^ Cf°(X) 
and £ > 0. Take / G Cf°{M) with / > 0 and J^/di? = 1. Let z/ be 
the probability measure on X dehned by 




/('d)-^(M('d)A) di? 


for every fj G Cc{X). Denote a = (p dp and for t,w >0 write 


IX 


(ifigtA) - a) (y^igwA) - a) du = w) 

- a( [ f{^)(p{gtu{i^)A) di? - 


fd'di / (p dp 


'M 


JM \JX 

fdilf (pdp 

Jx 


/ f{'d)^{g^u{'d)A)d'd- [ f d'd [ (pdpV 

\Jx JM Jx J 


Applying Theorem 11.21 and Proposition 12.11 we conclude that there 
exist G > 0 and 5 > 0 such that the estimate 



- a) [pigwA) 


a) du 


^ ^^—5 min{t^w—t) 


holds for any ta > t > 0. Then we can apply Theorem 13.11 with 
F{x,t) = p>{gtx) — a and obtain fll.7p for almost every JJ G S'/, where 
Sf := {J} E M : /(i?) > 0}. Since countably many sets of the form Sj 
exhaust M, we reach the desired conclusion. □ 


Remark 3.6. Arguing similarly with o replaced by p and using expo¬ 
nential mixing of the ^ft-action, see e.g. [IHl Theorem 1.1], instead of 
Theorem 11.21 one can easily obtain fll.2l) for almost every A E X. 
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4. Lattice points counting 

In this section we recall a resnlt of Schmidt na concerning a connting 
problem arising from Diophantine approximation, and relate it to the 
D-action on X. From this we will deduce some estimates which will 
be used in the proof of Theorem 11.31 

Let a, b be weight vectors, let vTa, Tb be as in fll.ldp . and let c. A, B 
be as in Theorem 11.41 For an individual vector v = (x, y) G we 
write gtv = (xi,yt), and then we have 

llyjb = e“*||y||b 

and 


||xja ■ llyjb = ||x||a • ||y||b, 7 ra(xt) = 7 ra(x), 7rb(yt) = 7rb(y) 
for all t. 

For r > 0, dehne 

( 4 - 1 ) fA,B,r,c ■= '^Er,c{AB) 

to be the characteristic function of Er^c{A, B). It follows that 

{ if e* < ||y||b < e*'*''’, ||x||a ■ ||y||b < c 
and (7ra(x),7rb(y)) e Ax B 
0 otherwise. 

Therefore 

V e Et,c{A,B) xEr,c{A,B) |{f e [0,T] : gtV G Er^dA, B)}\ =r 

and 

gt'v G Er^c{A, B) for some t G [0,T] v G Er+T,c{A, B). 

Using fll.lOp . and changing the order of summation and integration, it 
follows that for any A G X and any T > r we have 

2) ^ ^ {EtAA B) \ ErAA ^))) - “ ^ fA,B,rA9A) 

^ H(-^r+r,c(^) B) n A). 

Let := {x G > 0} and := {y G : yj > 0}. 

Also for brevity let us denote by A,? the lattice u{'d)Ao- Our main tool 
for proving Theorem 11.31 is the following result of Schmidt. 

Theorem 4.1 ([H], Theorems 1 and 2). For almost every i? G M, 

(4.3) Sr') O A,,) ~ cT 


as T ^ oo. 
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The case b = n of this result follows from [T 8 | Thm. 1 and 2 ] (setting 
h = e^, ^jJi{q) = (^) * in Schmidt’s notation), and in fact Schmidt also 
obtains an error estimate o log^’''^(T)) where r = 2 if n = 1 and 
r = 1.5 otherwise. The case b 7 ^ n does not appear in [IH], but the 
argument given there works for arbitrary b. 


Corollary 4.2. Let r,c > 0. Then for almost every'd G M, 


(4.4) 


lim — 

T^oo T 


T.— dt |T/y.^c|* 


Proof. Let Nt,c{'&) be the number of solutions (p, q) G Z™ x Z>q of the 
system 

0 < (i9q)i -Pi < c“'||q||b“' {i = 1,... ,m) 

1 < ||q||b < e^. 

It follows directly from the dehnitions that 

(4.5) NT,cm = tt n A^) • 

Let {e* : 1 < ^ < m} be the standard basis of M™. For I C 
{1 ,... ,m} we let (i : M™' be the linear transformation dehned 

by 

-Bi i & I 
Bi i ^ I. 

Analogously we dehne pj : R"' —)■ R”' for J C It follows 

from Theorem 14.11 that for almost every i? G M 

(4.6) NtACAVj) ~ cT as T -)■ cx). 


C/e* = 


On the other hand, it is easy to see that NtACi'^Vj) is the number of 
solutions (p, q) G Z'^ of the system 


c“*||q||b“' < (i9q)* - Pi < 0 

(/ G I) 

0 < (i9q)i -pi < c“'||q||b“' 

(/^J) 

1 < ||q||b < 


Qj < 0 

(j e J) 

(p > 0 

U ^ J) 


Now let NtA'^) be fbe number of solutions (p, q) G Z'^ of the system 
fll.lip - fll.i 2 p . Then for almost every i? G M (i.e. for those i? for which 
fl4.6l) holds for all I and ('dq)* — p* is not equal to zero for any p, q with 
q 7 ^ 0 and any /), one has 

(4.7) NtA'^) ~ 2AT as T ^ cx>. 
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As was mentioned in the introduction, 

(4.8) NTM = UET,cnA^) and \Et,c\ = 

It follows from fld.Sp and fl4.2p that fl4.4p holds for those 'd which satisfy 

dlZI). □ 

Corollary 4.3. For r,c > 0 we let 

(4.9) Fr,c ■= {(x,y) G : ||x||a||y||b < c, 1 < ||x||a < e"'} . 

Then for almost every i? G M 

1 

hm - / If {gtA^)dt=\Fr,c\- 
T^oo I Jo 

Proof. Let Nt,c he as in Corollary 14.2[ For every T > |logc| and 
1 ? G M, similarly to fl4.2l) one has 

“ [ ^Fr,ci9tA.ff) dt < NT+iogci'd) + ^{F n A,^) 


where 

F := {(x,y) G : ||x||a < e’', ||y||b < c}. 

For every i?, jj(FnA,j) is a number independent of T and {F^^d = |-Sr,c 
So for 1 ? G M satisfying (14.71) one has 

1 rT 


lim sup — 

T—^oo T 


^Fr,c{9tA^) dt < \Fr,c 


On the other hand by [2T|, Corollary 1.3], there is a conull subset of 
'd E M for which A^ is (F*’’", C'c(X))-generic. For any e > 0, since Iprc 
is a Riemann integrable non-negative function, there is <pi G C'c(R'^) 
such that 

1f,,c(v) > y5i(v) for all v and / - £• 

Now (pi is a continuous non-negative integrable function on X, and 
therefore there exists (p 2 G Cc{X) such that 


(4.10) 
and 

(4.11) 


(p2iA) < ^i(A) < for all ^ 


cp2dia> / Lpidfi-e= / Lfi - e > \Fr^d - 


Since e > 0 was arbitrary, fl4.10p and fl4.11l) imply that for almost every 
^EM 

1 

hmmf — / lF,,{gtA^)dt > 

T^oo I 
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This completes the proof. □ 

5. POINTWISE EQUIDISTRIBUTION WITH RESPECT TO UNBOUNDED 

FUNCTIONS 

In this section we prove Theorems 11.31 and 11.41 We first show that 
for Riemann integrable /, the function / as in fll.lOl) belongs to the 
class Ca{X). 

Lemma 5.1. For any d and all sufficiently large r there are constants 
Ci,C 2 such that if is the characteristic function of the open ball of 
radius r centered at origin, then for all A E X, 

(5.1) Cia(A) < iB,(A) < C2a(A). 

In particular, for any Riemann integrable / : —)■ M, / G CffiX). 

Proof. For any discrete subgroup A C the Tth Minkowski succes¬ 
sive minimum of A with respect to is defined to be 

Xi (A) := inf > 0 : dim (span {tBr Pi A)) > . 

Let ro be large enough (depending on d) so that for any r > r^ and 
any A E X, Ai(A) < 1. The notation x x ?/ will mean that x and y 
are functions of discrete subgroups of and there are positive con¬ 
stants Ci,C 2 , depending on d and r, such that Ci < x/y < 02- By 
Minkowski’s second theorem, see e.g. [71 §VIII.2], 

Ai (A)---A, (A)xd(A), 

where d (A) is the covolume of A in span (A) and I is the rank of A. 
Now for A E X define A to be the subgroup of A generated by A fl 
Then 

a(A)x (A.(A)...A,(A))-' = (A.(A) ■ ■ .A,(A))-‘. 

where j is the index for which Aj(A) < 1 < Aj+i(A). 

It follows from [H Prop. 2.1 and Cor. 2.1] (applied to K = Br, d = j 
and L = A) that 

tt(AnR,)x (Ai(A)---A,(A))"\ 

Since l 5 ,,(A) = jj(A fl B^) — ! = tj(A fl Br)—l, fl5.ip follows. 

For the second assertion, note that for any Riemann integrable / : 
—)■ M there are positive r and C so that |/| < C ■ 1^,. and hence 
condition (Cq,- 2 ) follows from fl5.1l) . To prove (Cq,- 1), let S be the set 
of discontinuities of / in \ {0}, so that \S\ = 0. From fll.lOp it 
follows that the set S' of discontinuities of / is contained in 

{A : A n ^ ^ 0}. 
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For each v G Z'^ \ {0}, the set of G G such that g\ E S has Haar 
measure zero in G, and hence S" is a countable union of sets of fi- 
measure zero. In particular /i(5") = 0. □ 

We now derive some general properties from equidistribution of mea¬ 
sures. 


Lemma 5.2. Let ijj G Ca{X) and let {/ij} be a sequence of probability 
measures on X such that pii —?■ pi, with respect to the weak-* topology. 
Then for any non-negative tp G Cc{X) one has 


(5.2) 


lim 

i^oo 



iptlj dpi. 


Proof. Using assumption (Gq,- 1) we see that the function is bounded, 
compactly supported and continuous except on a set of measure zero. 
By using a partition of unity, without loss of generality one can as¬ 
sume that ip is supported on a coordinate chart. Applying Lebesgue’s 
criterion for Riemann integrability to ipip, one can write ipxjj dpi as 
the limit of upper and lower Riemann sums. From this it easily follows 
that for any e > 0 there exist hi,h 2 G Cc{X) such that hi < ipip < /i 2 
and 

(5.3) [ ih 2 - hi) dp < e. 

Jx 


Thus we have 


(5.4) 

(5.5) 

(5.6) 


lim sup / ipfj dpi < / h 2 d/i 
i^oo Jx J X 


lim inf / ipijj dpi > hi dp 


lx 


lx 


hi dp < / ipifj dp < h2 dp. 


Jx Jx Jx 

Therefore by taking e —)■ 0, fl5.2p follows from fl5.4p - fl5.6l) and 05.31) . 


□ 


Corollary 5.3. Let the notation be as in Lemma [53 o,nd assume that 
(5.7) lim / 'ijjdpi= / fidp. 


lx 


Then for any e > 0 there exists io > 0 and ip G Cc{X) with 0 < < 1 

such that 


(6.8) 

for any i > io- 


(1 - ip)^pdpi 


IX 


< e 
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Proof. Since -0 G there exists a compactly supported contin¬ 

uous function : X —)■ [0,1] such that 


(5.9) 


(1 - 


' X 


e 

< 

3 


By Lemma 15^ and (15.71) . there exists fo > 0 such that for f > fo 

£ 


(5.10) 

(5.11) 


/ ifil) d/ij - iff: dfi 

'x Jx 


/ ipdfii- 'i/jdfi 

lx Jx 


< 


< 


3 

£ 


It follows from (15.9p . (I5.10p and (15.lip that (15.Sp holds if i > i^. 


□ 


Corollary 5.4. Let the notation he as in Lemma 15.21 Assume that 
there exists a non-negative Riemann integrable function /o on 'MA such 
that Ifjl < fo and 


(5.12) 

Then 


lim 

2^00 


lim 


/ fo dfii = fo d/i. 
'x Jx 


i/) d/Xj = / dp. 


lx 


Proof. By Lemma 15.21 Corollary 15.31 and (15.121) . for any e > 0 there 
exists *0 > 0 and a continuous compactly supported function : X —)■ 
[0,1] such that for i > io one has 


/ iff) dpi - (p'lpdfi 

lx Jx 


< 


3’ 

/ {^-p)fodfii < 

^(1 - p)fodn < |. 

Using the assumption IV' I < /o and these inequalities, one hnds 


/ 'ijjdfii- V' dp 
lx Jx 

for i > io. This completes the proof. 


< £ 


□ 


Now, given ip G Cq,(X), we are going to apply the results of ^ to 
construct a function fo satisfying the assumption of Corollary 15.41 
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Lemma 5.5. Forr > d let Ar be the annular region defined by 
Ar := {v : d < ||v|| < r}. 

Then for almost every G M, 

(5.13) lim ^ [ lAr{gtA^) dt = \Ar\. 

T^oo I Jq 

Proof. For r',c > 0 let Fr>^c be as in 04.91) . Since r > d, there exist 
c, r' > 1 such that Ar C U F).',c. It follows that 

1 a, < 

It follows from Corollaries 14.21 and 14.31 that fl5.12p holds for 

/o = IE,,,, + 

Hence the conclusion of the lemma follows from Corollary 15.41 □ 


Lemma 5.6. Let Br be the open Euclidean ball of radius r > 0 centered 
at the origin in R'^. Then 


lim — 

T^oo T 


^Br{gtA&) dt 


Br 


for almost every i? G M. 


Proof. We hrst observe that any annular region of width d centered at 
the origin contains a lattice point of any unimodular lattice in R'^. Also 
for any unimodular lattice A in and any v G A one has 

tt(H,nA) = tl((5, + v)nA). 

It follows from these two observations that for any lattice A G X, the 
number of lattice points in Br is at least the number of lattice points 
in Ari, where r' = 2d + 2r. That is, < 1a^,- The conclusion now 
follows from Lemma 15.51 and Corollary 15.41 □ 


Proof of Theorem \1.A It follows from Lemma 15.61 and the Siegel inte¬ 
gral formula that there is a Borel subset M' of M of full measure such 
that for any'd G M' and r G N one has 

-T r 


lim - 

T^oo T 


Isfigt^-d) dt = / 


' X 


Moreover we assume that is (fd’*', C'c(X))-generic for every G M'. 
In view of (15.ip for any G Ca{X) there is c > 0 and r G N such that 

|^/’(A)| < ciB^(A) 


for every A G X. It follows from Corollary 15.41 that is 
generic for every 'd G M', and the proof is complete. □ 
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Proof of Theorem \1.4\ Our argument is similar to the one used in [3] . 
The assumption on the boundaries of A and B in and respec¬ 
tively implies that the boundary of B) in has zero Lebesgue 

measure. With the notation fA,B,r,c as in fld.ip . it follows from 
and Theorem 11.31 that for almost every i? e M 

rT 


(5,14) 


B) n A„) ■ r ~ / /,4,B,r,c(P(A,?) dl 


\Er^c{A, B)\ ■ T as T —)■ cx). 
In order to conclude the proof, it suffices to show that 


(5.15) \ErM^B)\-T=\ETM^B)\-r. 

Indeed, when T = kr for some /c G N we have 


k-l 

= U 9-jr{Er,c{^i B)) 

j=0 

(a disjoint union), and (15.151) follows from the fact that the ^ff-action 
preserves Lebesgue measure. From this one deduces 05.151) when T/r G 
Q, and finally one gets (I5.15p for arbitrary T, r > 0 by continuity. □ 
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